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Abstract .  We prove here that the elements of an open and dense subset of expanding 
maps on tori have trivial centralizers; i.e., the maps commute only with their own 
powers. 

1. In troduct ion  
Let Irnrn(T ~) be the space of C ~ immersions of the torus T n (i.e. 

mappings f :  T ~ --~ T ~ for which D z f  is invertibte for all z E T ~) en- 

dowed with the Coo topology. For f E Irnrn(Tn), it centralizer Z( f )  

in Irnrn(T ~) is defined as the set of elements that  commute  with f .  

We say that  f has trivial centralizer if Z( f )  is reduced to the iterates 

{f~,  n E N} of f .  

An immersion f :  T n --+ T r~ is ezpanding if there exists A > 1 such 

that  IIDxf(v)ll > A tlvll for all x E T n and v c Tx(T~). The expanding 

maps form an open subset  Exp(T ~) of Irnrn(T n) and by a result of Shub 

[8], they are s tructural ly stable. 

The objective of this paper  is to prove the following result: 

Theorem.  For an open and dense subset of Exp(T~), the centralizer is 

trivial. 

This result is a version to expanding maps of a theorem of Palis- 

Yoccoz [6], who showed the triviality of the centralizer for an open and 

dense subset  of Anosov diffeomorphisms of T ~. 

In the proof  of the theorem, we adapt  to the context of expanding 

maps, the techniques of [6] and [7]. Besides some combinatorial  reason- 
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150 CARLOS ARTEAGA 

ing, perhaps the novelty here are the arguments in Section 5. We use 

Markov parti t ions to prove a version to expanding maps of Proposi t ion 

3 of [6], which is fundamental  in the proof  of the theorem. 

When  T n is the circle S 1, the theorem was proved in a previous 

work of the author  [3]. In tha t  paper we also apply a result of [2] to 

show the triviality of the centralizer for an open and dense subset  of C ~ 

immersions of S 1. This result is an extension to immersions of a similar 

theorem of Kopell [5] to diffeomorphisms of S 1. 

2. P r e l i m i n a r i e s  

We collect some basic concepts and recalling the arguments of localiza- 

tion of [7]. 

Formally we will think of the torus as IRn/Z n and use ~c to denote 

the canonical projection. Thus every continuous map f of the torus has 

a lift, i.e. a continuous map f :  IR n --+ ]R n satisfying 

Let U be the set of f 6 Exp(T n) which verify: 

(i) The spectra  of D f  at the different fixed points are distinct; 

(ii) At each fixed point p of f ,  the eigenvalues of D p f  are simple and 

D p f  is non-resonant. 

Clearly/~ is an open and dense subset  of Exp(Tn). Let b/* be the set 

of f 6 L/such that  f(0) = 0. 

For f E b/*, let A( f )  = D o f .  By  using a parametr ic  version of 

Sternberg's, linearization theorem [1], we have that  there exists a C ~ 

neighbourhood V of f in L/* such that  for any g 6 V, there is a diffeo- 

morphism H(g): IR n --+ IR n, with the following properties: 

(1) H(g) depends continuously on 9 in the Coo topology on compact  

subsets of R~; 

(2) There exist natural  numbers r, s with r + 2s = n, coordinates 

X l , . . .  ,xr+s 6 ]R r • C s in R n, and a continuous map 

X = (A l , . . . ,A r+s ) :  V - ~  ( m )  r x (C* - - m )  s 

such that  A@) = H(g) -1 o {7 o H(g) and A@) is non-resonant and 
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CENTRALIZERS OF EXPANDING MAPS ON TORI 151 

diagonalizable in the coordinates (xi) with eigenvalues Ai(g). 

Denote by Z(A(~f)) the centralizer group of A( f )  in the space of the 

linear automorphisms of R ~, GI(R~). Observe tha t  if h ~ Z(f),  then 

h(0) = 0 [because of property  (1)] and so 

~ ( ~ )  c z ~ 

Moreover by (ii), H ( f )  -1 o h o H(f)  E Z(A())), and the map 

h ~-+ H ( f )  -1 o h o H(f) 

is injective. 

By [7], if V is a small C a neighbourhood of f in H*, then for any 

g E V, Z(A({7)) is identified with the Lie group 

Z~,8 = R ~+s x (g2) ~ x ($1) 8, 

and Z(A(9))/A(9)) is identified with a fixed quotient Z0 = Z~,s/(e) of 

Zr,~. Let Z1 be the maximal compact  subgroup of Z0, and let 

0: Z~,~ --, Z0 

the canonical projection. 

The compact part of Z(f)  is defined as the set of h E Z(f)  such that  

= 0 ( ~ - l ( f )  o ~ o z4(f ) )  ~ z l .  

For f E b/*, we define 

Z I ( f )  = {h E Z1; 01(h)[H-l(f)(S~)] C H - ] ( f ) ( Z ~ ) } .  

It is clear that  if h E Z(f),  then h E Z l ( f ) .  Moreover since H-I (Z  n) is 

discrete, Z1 (f)  is a closed subgroup of Z1. From this and by using the 

same arguments  as in Lemmas 5.2 and 5.3 of [7] it can be shown the 

following result. 

Proposition 2.1. There is an open and dense subset bl~ of bl* such that 
for any f E bl~ the centralizer Z(f)  has trivial compact part, 

3. Basic Results and Proof  o f  the T h e o r e m  
We establishing some basic material  on centralizers of expanding maps. 
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L e m m a  3.1. Let f C Exp(T u) and g E Z ( f ) .  I f  g o f k  : fI for  some k, 

1 E N, then g is a power of f .  

Proof .  We claim tha t  1 > k. Otherwise, if y E T n and x E f - l ( y ) ,  then 

g o f k - l ( y )  = g o fk (x )  = f l (x)  = y. 

Hence g o fk-1 = fk- l  o 9 = idTn. This is a contradiction because fk- l  is 

expanding. Therefore I > k and by the same argument  above, we have 

tha t  g -- f t -k  and the lemma is proved. 

Keeping the same notat ion as Section 2, let f E b/*. Denote by g i  

the xi-axis, 1 < i < r + s. Let J be a non trivial subset of {1, . . .  , r + s}; 

that  is, J is neither the empty  set nor the whole set. We then denote 

by W j  = W j ( f )  the image of I ] ieJ  Ki = K j  under H ( f ) .  

Let L = L ( f )  E Gin(Z) which is induced by f in homology. By [8], 

there is a neighbourhood Vf of f in N* such tha t  for any g E Vf there 

exists an unique homeomorphism hg of T n satisfying hg o g = L( f )  o hg 

and hg(0) = 0. Moreover hf  depends continuously on f .  We denote by 

hf  the lift of hf .  

L e m m a  3.2. I f  9 E Exp(T n) A Z ( f ) ,  then h f  o g o h~ 1 E GIn(Z). 

Proof .  Let L(hf ) ,  L(g) be the elements of Gin(Z) which are induced in 

homology by hf  and g respectively. Denote 

h = h f o g e h }  1 and B = L ( h i )  o L ( g ) o L - l ( h f ) .  

Since 

we have that 

sup by(y) - L(hf) (y)  < +oc, 
Rn 

sup  B - 1  o / t ( y )  --  (y) < +OO. 
IRn 

This property together  with the fact tha t  B commutes with L ( f )  imply 

that ,  for any y E ~ n  

sup Ln(f ) (B- l[~(y)  - y) = sup B-l[z (Ln( f ) (y ) )  - Ln( f ) (y)  < oc. 
n n 

As Ln( f )  is expanding, this implies tha t  B -1 o [~ is the identity, and so 

h ~ Cln(Z). 
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The following result which is basic to the proof of the theorem relates 

the conjugacies H ( f )  and i~f. 

Proposit ion 3.3. There is an open and dense subset bt~ of bl~ (endowed 

with the C ~ topology) such that for any f E Lt~ and any non trivial 

subset J of {1, . . .  , r + s}, the dimension of the linear subspace of R ~ 

generated by hf(Wj(f)) is strictly greater than the dimension of K j .  

Observe tha t  the openess of H~ follows from the continuity of the 

maps f ~ H ( f )  and f -+ hr.  

Before proving density, we show how to deduce the theorem from 

proposition 3.3 and similar arguments  of [6]. 

P roo f  o f  Theorem.  For p ~ T n, we denote by c~p the rotat ion c~p(x) = 

x - p ,  x E T n. Let 

L/2 = { f  E N; c~p o f o c~p -1 E U~ for some fixed p o i n t p o f f } .  

By Proposition 3.3, b/2 is an open and dense subset of N. Hence, to 

prove the theorem it is sufficient to show that  the elements of 5/~ have 

trivial centralizers. 

Let f E ~ ,  g E Z( f ) .  For some l E N, g o fz is expanding. Thus by 

lemma 3.1, we can assume that  9 is expanding. Denote by #1 , . . .  , Pr+s, 

the eigenvalues of H -1 o ~ o H( f ) .  Then, as g does not belong to the 

compact part  of Z( f ) ,  the numbers 

log ]Ai(f) l 

are not equal. Then there exist k, l 6 Z such that  Do(~ k o -fl) is hyper- 

bolic. Since by ]emma 3.2, 

we conclude that  

a : s o o m,dz), 

B k o Ll( f )  = hf  o ~k o .~z o lzf 1 

is hyperbolic. This implies that  there exists a non trivial subset J of 

{1, . . .  , r+s}  such tha t  W j ( f )  and h f ( W j ( f ) )  are the unstable manifolds 

of ~k o }.l and B k L  l respectively. Thus the dimension of [ty(Wj(f))  is 
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equal to the  dimension of K j .  This  contradicts  the  definition of bt~ and 

shows tha t  any f C b/~ has trivial centralizer. 

4. Proof of Proposition 3.3 
To prove tha t  b/~ is dense in b/~, we consider some f E ?d~ and non- 

trivial subset J of {1 , . . .  , r  + s}, such tha t  hd(WJ( f ) )  is equal to a 

non-trivial  L-invariant linear subspace of ~n.  We will show tha t  there 

exist arbitrari ly small per turba t ions  f '  of f in b/~ such tha t  the  linear 

subspace of I~ n generated by hd,(Wd(f '))  is equal to ]~n. 

We choose a minimal  non-zero L-invariant subspace E of/~f(Wd(f)) ;  

the  dimension of E is 1 or 2. 

The  proof  of Proposi t ion  3.3 is based on the  following result, which 

is an adap ta t ion  of Proposi t ion 3 of [6] to pre-images of 0 under  L. 

Proposition 4.1. Let K be a neighbourhood of 0 in R n such that 

LK = L ( f ) / ~ ( K )  

is injective. Then, there exist 50 > O, and, for any co > O, points 

z l , . . .  , zn in E,  Y l , . . .  , Y~ E R n satisfying the following properties: 

(i) zi e K and B(~v(z~),60) C 7r(K) for 1 <_ i <_ n, where B ( x , r )  

denotes the closed bail in T ~ with center x and radius r for the 

euclidean norm H II. 

(i i)  Hzi - yill < for  1 < i < n; 

(iii) Yl , . - .  ,Yn is a basis of]Rn; 

(iv) There exists m E N such that for every 1 < i < n, Lm(Tr(yi)) = 0 

in Tn ; 

(v) Lm(Tr(yi)) ~ B(Tr(zj),50) = Bj  for m > 0, 1 < i , j  < n; 

(vi) B i N L ~ ( B j ) = ; ~  for m < 0 ,  l < i , j < _ n ;  

(vii) Bi N By = ;~ ]or i ~ j .  

Before proving this proposit ion,  we finish the proof  of Proposi t ion 

3.3, by adapt ing  the a rguments  of [[6], Proposi t ion  2]. 

We choose r > 0 such tha t  for the set 

K l = { X = ( X l , . . . , x ~ ) C l ~ ;  I x i i < r  for l _ < i < n } ,  

we have tha t  K 1 C K and # = w/K1,  fK1 = f/Tr(K1) are injective. 
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Let 

~F 
Ki={zER ;Ix I< , for l < i < n }  

and let 60 = 60(K ) be as in Proposition 4.1. Let g E (0, ~) be such that  

Ily - zll _< for y, z K1,  implies that  hy o #(y) E B ( h f # ( z ) ,  (~o). 

Let YV be a neighbourhood of f in H~. We fix some C ~ function 

~1: [0, +oc] ~ [0, 1], satisfying r](t) = 0 for t >  1 and ~](t) = 1 for t < 1. By 

[6], Section 6, there exists e = c(~, W) < ~ such tha t  if q l , . - -  , q,. E [422, 
l ! q l , " "  , qn E /(-1 satisfy 

�9 Ilqi -- qjll -> 26 for i r j ;  

�9 IIq  - q rl -< c for 1 < i < n. 

Then  the Coo vector field X in ]R n defined by 

X ( y )  = E r1(6-1 IIy - qjll)(qj' - qj) 
j = l  

generates a flow (Ft)tE~ such that  ft = 7? o F t o  .?r -1 o f belongs to 14; for 

0 < t < 1. Observe tha t  X has support  contained in the interior of K1, 

and Fl(qi) = q~ for 1 < i < n. 

By uniform continuity, there exists c0 > 0 such tha t  if y, z E R n 

s a t i s f y / ~ l ( z )  E K2, d(y,  z) < e0, then 

/z~l(y) E K1 and /~ l (y )  _ /z~l (z )  < e. 

For this e0 we apply Proposition 4.1 and get points Yi, zi E N ~, 

1 _< i < n, satisfying properties (i)-(vii). We now consider the flow 

(Ft)teR defined above with da ta  qi = / z f l ( z i )  and q~ = / ~ l ( y i ) ,  we may 

assume that  for 0 _< t _< 1, f t  induced L in homology, and ht o h/1 is 

sufficiently near of the identity, where ht denotes the global conjugacy 

of f t  and L with ht(O) = 0 (so tha t  h0 = h f ) .  

We will prove tha t  f~ E b/~, and more precisely that  the linear 

subspace of R n generated by hl(Wj(fl)) is R n. 

Wi th  the notat ion of Proposit ion 4.1, we have tha t  for 0 < t < 1, the 
7~ 

image under hf of the support  of # o F to  #-1 is contained in U Bi  (by 
i = 1  
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definition of 5); by (vi), 0 does not belong to the support  of # o Ft e #-1 
and the manifolds Wj(f ) ,  Wj( f l )  coincide in a neighbourhood of 0 in 

R n. By (v), we have; for l < i < n ,  0 < t < l a n d m _ > 0 :  

m h-17r f~ ( f (Yi)) = fm(hjlTr(Yi)) = h]ln'~(Tr(Yi)), 

hence, by (iv), f~(hjlTr(y)i)) = 0 for some m > 0. This implies tha t  

Lm(ht(h]l(lr(yi)) = 0. Since the set L-re(O) is finite and ht depends 

continuously on t, 

hl o h]l(~r(yi)) = h0 e h]l(Tr(yi)) = 7r(yi). 

Using the fact that  hl o h ]  1 is near of the identity, we obtain that  

N ! 

hl(qi) = Yi. (*) 

On the other hand, by (vi), we have tha t  

= 

for 1 < i < n, 0 < t < 1, and m < 0. 

By construction of F1, 

#/~1#_1h] l h f  I (Tr(zi)) = hj  l(Tr(yi)), 

hence 

and thus 

(fl/Tr(K1) )m(h] 1 (Tr(yi))) = f~ l  (h i  17r(zi))' 

~'tY~ l z f 'tTt, f l  (qi) 1 o h71(yi) fm(h~l(zi)) = ~fm(qi) 

for l < i < n a n d m < 0 .  

Since ~f~(qi) E Wj( f )  and Wj(f ) ,  Wj( f l )  coincide near 0 in IR ~, we 

have that  q~ E Wg(fl). This together  with (,) and property (iii) imply 

that  f l  E b/~. This concludes the proof of Proposition 3.3. 

5. Proof of Proposition 4.1 
We first recall the definition of Markov partit ions for expanding maps. 

For f E Exp(T~), we say that  a collection T~ = {R1, . . .  , R~} of open 

subsets of T ~ form a Markov partition for f with diameter  r if 
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f t  

(a) R i N R j = ~ f o r / ~ j a n d T  n =  U Ri, and 
i=1 

(b) diameter  Ri < r for 1 < i _< k, and if f (Rj)  N Ri r 2~ for some 

1 _< j _< k, then f (Rj)  D Ri. 
We have that  there exist arbitrari ly small Markov partit ions for f 

(see [4]). 

Now we prove the Proposition 4.1. Let K be a neighbourhood of 0 

in R n such tha t  ~//K and LK = L/7~(K) are injective. We may assume 

that  K is a ball in R ~ with center 0. We choose a l-dimensional linear 

subspace E1 of E.  Denote E1 = E1 N K and D = K - L - I ( K ) .  

We consider a Markov part i t ion 7~ for L in T n satisfying the following 

conditions: 

(1) diameter  7Z < d(OK, O(Lycl(K))), where OX denotes the boundary  

of X in T n, 

(2) There exist V0, V1,. . .  , V~ E T~ such tha t  0 E V0, and for 1 < i < n, 

V/ C D, V/7) E1 is a proper line segment of E1 and, d(Vi, Vj) > 0 
for i C j .  

Let s < 0 be an integer such tha t  for all i < i < n, Ls(V0 C V0. By 

(2) we can choose a line segment Ji = Ji(Vi) of LS-l ( / ) l )  such that  

Ji C Ls-I(D), V/ N E1 is a proper line segment of L-S+l(J i ) ,  and 

d(Ji, J j )  > 0 for i r j .  This implies tha t  there exists 60 > 0 suM- 

ciently small so that  if Vi ~ denotes the ~0-neighbourhood of Ji in T ~ 

then: 

(3) V i ' C L ) - I ( D )  for l < i < n ;  

(4) v 'n v / =  e for i # j ,  
(5) If J~ c V~' is a line segment parallel and with the same length to Ji, 

then L-s+l(J~)  intersects 0V~ in two points for 1 < i < n. 

Let e0 be given, and let 1 < i _< n. Let Se0 be the ball in the 

orthogonal subspaee of Ls-I(E1)  with center 0 and radius c0. We may 

assume that  S~ 0 • or/C V(. Let J~ C S~ 0 x Ji be a line segment satisfying 

(5), and let Ci C S~ o • Ji be an arbitrari ly cylinder in R n with generator 

J~. We claim tha t  there exist a point y in Ci such that  in T n, Lm(y) = 0 

for some m E N, and LJ(y) ~ V i' for 1 _< i _< n, 1 _< j _< m. In 

fact, let j E N such that  in T ~, Lm(Ci) NVj  = ~ for 1 _< m < j ,  
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1 _< 1 < n,  a n d  LJ(ci)  r~ V{ r ~ for  s o m e  1 _< l _< n.  T h e n  by  (5) 

and the definition of Markov partit ion, L j (Ci) intersects L~:- t (OK) and 

O L ~ ( K ) ,  so LJ- s (C i )  intersects 0 K  and 0 (L~I (K)  in T n. Hence there 

exists an open subset C~ of C{ such tha t  LJ-~(C~) is a cylinder in R n, and 

in T n, m , = L (C~) N V l' ~ for all 1 < m < j s, 1 < l < n, a n d  LJ-s(c~) 

intersects OK and O(L~:I(K)) .  This fact together with properties (b), 

(1), and the fact tha t  L is expanding imply tha t  there exist m ~ N and 

open subset C~' of C~ such tha t  in T n, LP(C~')NV l' = ~ for all 1 < p < m, 
m tt l < l < n, L (C~ ) = W ,  where  W c D and W E T4. Now i f q i s t h e f i r s t  

natural  number such tha t  L q ( w )  intersects some V/ l ,  1 <_ l < n, then 
m + q  tt by definition of Markov partition; 0 E V0 C L (C~), so the claim is 

proved. 

Now we choose yq E S~ 0 x J1 satisfying the claim. By induction, 

suppose tha t  there exist y~ E S~ 0 x Ji, 1 < i < I < n, such tha t  Yi 

satisfying the claim above and Yl, . --  , Yl-1 are linearly independent in 

R n. Then there exist a line segment J[ C Sco x Jl satisfying (5), and a 

cylinder Cl • S~ 0 x Jz with generator J[ such tha t  C1 does not intersects 

the linear subspace of R n generated by Yl , . . .  ,Yl-1. Hence we can 

choose Yl E Cl satisfying the claim and such tha t  Yl , . . .  , Yl are linearly 

independent in IR ~. Therefore there exist y~ E Sc o • Ji, I < i < n 

satisfying the claim above and such tha t  {Yl, .- .  , Y~} is a basis of R n. 

By definition of V~/ , we can choose points zi E Ji, 1 < i < n such tha t  

Yl, �9 �9 �9 , Yn and Zl, �9 �9 �9 , zn satisfy the conditions of the Proposition 4.1. 
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